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SUMMARY 
A computer model has been cons t ruc ted  t o  s imu la te  the  compl iance and l o a d  
sha r ing  i n  a spur gear mesh. The model adds t h e  e f f e c t  o f  r i m  d e f l e c t i o n s  t o  
p r e v i o u s l y  developed s t a t e - o f - t h e - a r t  gear t o o t h  d e f l e c t i o n  models. The 
e f f e c t s  o f  d e f l e c t i o n s  on mesh compliance and load sha r ing  a r e  examined. The 
model can t r e a t  gear meshes composed o f  two e x t e r n a l  gears o r  an e x t e r n a l  gear 
m d r i v i n g  an l n t e r n a l  gear .  The model i nc ludes  d e f l e c t i o n  c o n t r i b u t i o n s  f rom the  
m bending and shear i n  t h e  tee th ,  t he  Her t z ian  c o n t a c t  de format ions ,  and p r imary  
A and secondary r o t a t i o n s  o f  t he  gear r i m s .  The model shows t h a t  rimmed gears 
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d imension less gear mesh d e f l e c t i o n  
r a d i a l  t o o t h  load,  N ( l b )  
t a n g e n t i a l  t o o t h  load,  N ( l b )  
normal gear mesh fo rce ,  N ( l b )  
t o o t h  load f r a c t i o n  
moment arm t o  r i m  c e n t r o i d ,  m ( i n )  
r e s u l t a n t  moment on r i m ,  N-m ( l b - i n )  
u n i f o r m l y  d i s t r i b u t e d  r i m  support  moment, N-m ( l b - i n )  
p i t c h  p o i n t  
i n s i d e  r i m  r a d i u s  f o r  e x t e r n a l  gear, m ( i n ) ;  o r  o u t s i d e  r i m  r a d i u s  f o r  
i n t e r n a l  gear,  m ( i n )  
c o n t a c t  p o s i t i o n ,  m ( I n )  
normal ized  con tac t  p o s l t i o n  
a r i m  r o t a t i o n  angle,  deg 
9 pressu re  angle, deg 
I N T R O D U C T I O N  
A n a l y t i c a l  models have been sought f o r  t h e  compl iance o f  a gear mesh f o r  
over 60 years ( r e f .  1 ) .  One e a r l y  model was t h a t  o f  Tlmoshenko ( r e f .  2 ) .  The 
"Timoshenko beam" i s  a t r a p e z o i d a l  c a n t i l e v e r  which was fo rmu la ted  t o  model t h e  
d e f l e c t i o n  o f  a s i n g l e  gear t o o t h  under load.  Walker ( r e f .  3 )  improved t h i s  
model w i t h  e m p i r i c a l  equat ions t o  p r e d i c t  a t o o t h ' s  d e f l e c t i o n  based on a 
s e r i e s  o f  l a b o r a t o r y  d e f l e c t i o n  t e s t s .  He a l s o  suggested a method f o r  m o d i f y -  
i n g  t h e  t o o t h  p r o f i l e  t o  compensate f o r  t h e  loaded d e f l e c t i o n  o f  t h e  t o o t h  so 
as t o  reduce t h e  dynamic loads i n  t h e  gear mesh. Weber ( r e f .  4 )  used s t r a i n  
energy t o  o b t a i n  a n a l y t i c a l  express ions f o r  t h e  t o o t h  d e f l e c t i o n  based on an 
i n t e g r a t i o n  o f  t h e  a c t u a l  shape o f  t h e  t o o t h .  He a l s o  i n c l u d e d  t h e  H e r t z i a n  
c o n t a c t  d e f l e c t i o n  of ma t ing  t e e t h ,  and shear and bending d e f l e c t i o n s  i n  a 
t o o t h  and a t  i t s  base. 
Th is  work was extended by Richardson ( r e f s .  5 and 6)  w i t h  exper imen ta l  
v e r i f i c a t i o n  of t h e  dynamlc t o o t h  loads caused by t h e  t o o t h  d e f l e c t i o n s .  These 
methods have a l so  been extended t o  i n c l u d e  f i l l e t  d e f l e c t i o n s  and have been 
adapted t o  d i g i t a l  computat ion by R .  Cornel1 ( r e f s .  7 and 8) i n  a program which 
p r e d i c t s  t h e  dynamlc l o a d i n g  on t h e  t o o t h  and i t s  d e f l e c t i o n  i n  t h e  mesh under 
s t e a d y - s t a t e  running c o n d i t i o n s .  
A l l  o f  these methods assume t h a t  t h e  d e f l e c t i o n  o f  a t o o t h  i s  caused o n l y  
by I t s  own load and t h a t  t h e  base o f  t h e  t o o t h  i s  mounted i n  a r i g i d  r i m .  I n  
t h i s  work ( r e f s .  9 and l o ) ,  t h e  d e f l e c t i o n  model o f  a t o o t h  has been extended 
t o  i n c l u d e  r i m  bending e f f e c t s  a t  t h e  base o f  t h e  t o o t h  on e i t h e r  an e x t e r n a l  
o r  i n t e r n a l  gear. 
COMPLIANCE MOD F. L 
F i g u r e  1 shows t h e  mesh r e g i o n  f o r  a p a i r  o f  e x t e r n a l  gears.  The bo t tom 
gear i s  t h e  p i n i o n  and i s  t h e  d r i v i n g  gear .  The l i n e  o f  a c t i o n  i s  shown f o r  
c lockw ise  r o t a t i o n  o f  t h e  p i n i o n .  I n  t h e  p o s i t i o n  shown, t h e  l o a d  i s  t r a n s -  
f e r r e d  f rom the p i n i o n  t o  t h e  gear through a s i n g l e  t o o t h  on t h e  p i n i o n  t o  a 
s i n g l e  t o o t h  on t h e  gear .  T h i s  w i l l  be r e f e r r e d  t o  as t h e  s i n g l e  c o n t a c t  
r e g i o n  i n  t h e  d i s c u s s i o n  t o  f o l l o w .  
I f  t h e  center  o f  t h e  d r i v e n  gear i s  h e l d  f i x e d  and a t o r q u e  i s  a p p l i e d  a t  
t h e  c e n t e r  o f  the d r i v i n g  gear, t h e  t e e t h  i n  c o n t a c t  and t h e  bodies of b o t h  
gears w i l l  deform. Th is  c o n d i t i o n  y i e l d s  an angu la r  d isp lacement  o f  t h e  c e n t e r  
o f  t h e  d r i v i n g  gear r e l a t i v e  t o  t h e  f i x e d  frame o f  r e f e r e n c e  a t  t h e  c e n t e r  o f  
t h e  d r i v e n  gear. The r e l a t i v e  angular  d isp lacement  o f  t h e  gears can be con- 
v e r t e d  t o  a l i n e a r  d isp lacement  a l o n g  t h e  l i n e  o f  a c t i o n .  The t o t a l  r e l a t i v e  
d isp lacement  o f  t h e  d r i v i n g  gear w i t h  r e s p e c t  t o  t h e  d r i v e n  gear a l o n g  t h e  l i n e  
o f  a c t i o n  i s  def ined as t h e  mesh d e f l e c t i o n .  D i v i d i n g  t h i s  by t h e  base p i t c h  
produces t h e  dimensionless mesh d e f l e c t i o n ,  dn. 
t i o n  i s  n o t  the d isp lacement  o f  t h e  p o i n t  o f  c o n t a c t  o f  t h e  gear t o o t h .  
Note t h a t  t h e  mesh d e f l e c -  
2 
I n  t h e  s i n g l e  c o n t a c t  reg ion ,  the f u l l  l o a d  i s  c a r r i e d  by one t o o t h  p a i r .  
I n  t h e  two double c o n t a c t  reg ions  which occur b e f o r e  and a f t e r  t h e  s i n g l e  con- 
t a c t  r e g i o n ,  t h e  l o a d  i s  shared by the two mat ing  t o o t h  p a i r s  i n  c o n t a c t .  I n  
t h e  double c o n t a c t  reg ions ,  t h e  t o o t h  l o a d  f r a c t l o n ,  F r ,  i s  d e f i n e d  as t h e  l o a d  
t r a n s f e r r e d  by a t o o t h  p a i r  d i v i d e d  by t h e  t o t a l  l oad .  
The d i s t a n c e  f r o m  t h e  p i t c h  p o i n t ,  P, t o  a p o i n t  o f  c o n t a c t  i s  c a l l e d  t h e  
c o n t a c t  p o s i t i o n ,  S ( f i g .  2 ) .  The con tac t  p o s i t i o n  i s  n e g a t i v e  as t h e  t o o t h  
p a i r  approaches t h e  p i t c h  p o i n t  as shown i n  f i g u r e  2 and p o s i t i v e  as t h e  t o o t h  
p a i r  recesses f rom t h e  p i t c h  p o i n t .  The c o n t a c t  p o s i t i o n  i s  d i v i d e d  by t h e  
base p i t c h  t o  o b t a i n  t h e  normal ized con tac t  p o s i t i o n ,  Sn, a g a i n s t  which t h e  
mesh p r o p e r t i e s  a r e  p l o t t e d .  
o f  a c t i o n  and can be r e l a t e d  t o  p o s i t i o n s  on b o t h  t h e  p i n i o n  and gear t e e t h .  
This  d i s tance  i s  measured i n  space a l o n g  t h e  l i n e  
F i g u r e  3 shows an e x t e r n a l  gear t o o t h  w i t h  a r i m  base. The p resen t  gear 
t o o t h  d e f l e c t i o n  model t r e a t s  t h e  t o o t h  as though i t  were loaded w i t h  a tangen- 
t i a l  f o r c e ,  Fb, and a r a d i a l  f o r c e ,  Fa, a p p l i e d  a t  t h e  p o i n t  a t  which t h e  
l i n e  o f  a c t i o n  crosses t h e  t o o t h  c e n t e r l i n e .  Tooth bending and shear a r e  
caused by t h e  t a n g e n t i a l  f o rce .  A s m a l l  compressive d e f l e c t i o n  i s  a r e s u l t  o f  
t h e  r a d i a l  f o r c e  component. A H e r t z i a n  d e f l e c t i o n  a l s o  e x i s t s  f o r  t h e  ma t ing  
t e e t h .  l h e s e  d e f l e c t i o n s  a r e  a l l  found by t h e  methods o f  re fe rence  8. A l l  
t o o t h  d e f l e c t i o n s  a r e  reso lved  i n t o  components which a r e  d i r e c t e d  a l o n g  t h e  
l i n e  o f  a c t i o n .  
I n  t h i s  work, t h e  gear d e f l e c t i o n  model i s  expanded t o  i n c l u d e  r i m  e f f e c t s  
( r e f s .  9 and 1 0 ) .  The moment on t h e  r i m  i s  shown i n  f i g u r e  4(a)  as a tangen- 
t i a l  f o r c e  component, Fb, and l e v e r  arm, h. Th is  concen t ra ted  moment i s  
assumed t o  be supported by a u n i f o r m l y  d i s t r i b u t e d  moment, m, around t h e  r i m ,  
and a r e a c t i o n ,  Fb, a t  t h e  base o f  the l e v e r  arm. 
t i v e  and n e g a t i v e  r i m  bending moment, M, which r e s u l t s  f rom t h i s  l o a d i n g  i s  
p l o t t e d  versus c i r c u m f e r e n t i a l  p o s i t i o n  i n  t h e  r i m .  T h i s  y i e l d s  a ve ry  comp l i -  
a n t  model f o r  t h e  r i m  d e f l e c t i o n  and thus serves as an upper bound f o r  t h e  mesh 
d e f l e c t i o n s  i n c l u d i n g  r i m  e f f e c t s .  The r i g i d  body model serves as a lower  
bound f o r  these mesh d e f l e c t i o n s .  
I n  f i g u r e  4 (b ) ,  t h e  p o s i -  
l h e  r i m  d e f l e c t i o n  model i s  a s i m p l i f i e d  model f o r  t h e  l o a d i n g  and d e f l e c -  
A gear w i t h  a r i m  may be c o n s t r u c t e d  w i t h  a s p l i n e d  t i o n s  I n  a rimmed gear.  
connec t ion  t o  t h e  t ransmiss ion  housing, a t h i n  to rque  tube s h a f t ,  spokes t o  a 
s o l i d  hub o r  w i t h  a s e r i e s  o f  f as tene rs  t o  a housing o r  hub. 
o t h e r  s p e c i f i c  c o n s t r u c t i o n s ,  t h e  r i m  s t i f f n e s s  i s  i n f l u e n c e d  by i t s  p a r t i c u l a r  
a t tachmen t ' s  s t i f f n e s s .  S ince most o f  these a r e  d i s c r e t e ,  t h e  t o t a l  s t i f f n e s s  
w i l l  f l u c t u a t e  as t h e  gear r o t a t e s .  R i g h t  a t  a spoke o r  a t tachment  p o i n t ,  t h e  
s t i f f n e s s  w i l l  be g r e a t e r  than i t  i s  a t  midspan between ad jacen t  spokes. Each 
at tachment  c o n s t r u c t i o n  w i l l  suppor t  t he  a p p l i e d  moment, h * Fb, w i t h  a 
s e r i e s  o f  d i s c r e t e  moments o r  a con t inuous ly  v a r y i n g  moment around t h e  r i m  i n  
f r o n t  o f  and behind t h e  a p p l i e d  moment. I n  most cases, t h e  r i m  moment w i l l  
d rop  t o  zero i n  l e s s  than  a h a l f  r i m  as  assumed i n  t h e  model. T h i s  reduces t h e  
a c t u a l  r i m  s t r a i n  energy f rom t h a t  presented here.  Thus t h e  model I s  cons id -  
ered t o  be an upper bound f o r  t h e  r i m  d e f l e c t i o n s  i n  an a c t u a l  gear.  
I n  these and 
The r o t a t i o n a l  de fo rma t ion  of the r i m ,  which v a r i e s  a long  i t s  c i r c u m f e r -  
ence, i s  found f rom t h e  bending s t r a i n  energy i n  t h e  r i m  ( r e f .  1 1 ) .  Shear and 
a x i a l  s t r a i n  ene rg ies  a r e  i gno red  due t o  t h e  h i g h  c i r c u m f e r e n t i a l  l e n g t h  t o  
r a d i a l  t h i ckness  r a t i o  o f  t h e  r i m .  The r i m  th i ckness  i s  taken t o  be t h e  r o o t  
mean cube o f  t h e  v a r y i n g  r i m  th ickness i n c l u d i n g  t h e  t e e t h  t o  average t h e  t o o t h  
3 
s t i f f e n i n g  e f f e c t s  on t h e  r i m ,  and t h e  n e u t r a l  a x i s  of t h e  r i m  i s  t aken  t o  be 
I t s  c e n t r o i d .  This r o t a t i o n a l  de fo rma t ion  i s  conver ted i n t o  a t r a n s l a t i o n  o f  
t h e  t o o t h  c e n t e r l i n e  a l o n g  t h e  l i n e  o f  a c t i o n  f o r  i n c l u s i o n  i n  t h e  t o t a l  mesh 
d e f l e c t i o n .  When t h e  t e e t h  a r e  i n  t h e  double c o n t a c t  r e g i o n s  as shown I n  f i g -  
u r e  5, each con tac t  l o a d  produces d e f l e c t i o n s  a t  b o t h  loaded t e e t h  on b o t h  
gears.  For each load, each t o o t h  has I t s  own r i m  r o t a t i o n ,  O ,  r i m  l e v e r  arm, 
h, and p ressu re  angle,  +, f o r  conve rs ion  i n t o  a d e f l e c t i o n  a l o n g  t h e  l i n e  of 
a c t i o n .  
LOAD SHARING 
I n  t h e  double c o n t a c t  r e g i o n  shown i n  f i g u r e  5, t h e  t o o t h  l o a d  f r a c t i o n s  
o f  t h e  ma t ing  too th  p a i r s  must produce equal  mesh d e f l e c t i o n s .  
d e f l e c t i o n  i s  the t o t a l  r e l a t i v e  d isp lacement  o f  t h e  p i n i o n  w i t h  r e s p e c t  t o  t h e  
gear a l o n g  t h e  l i n e  o f  a c t i o n ,  t h i s  d isp lacement  must be t h e  same f o r  a l l  t o o t h  
p a i r s  i n  c o n t a c t .  Unequal mesh d e f l e c t i o n s  o f  ma t ing  t o o t h  p a i r s  i m p l y  a d i s -  
c o n t i n u i t y  I n  the gear bodies.  
S ince t h e  mesh 
The l o a d  f r a c t i o n s  a r e  determined by an i t e r a t i o n  procedure which changes 
t h e  l o a d  f r a c t i o n s  f rom an i n i t i a l  guess o f  50 pe rcen t  each u n t i l  t h e  two l o a d  
f r a c t i o n s  a r e  found which cause t h e  mesh d e f l e c t i o n s  t o  be equa l .  When no r i m  
bending I s  present ,  t h e  de te rm ina t ions  o f  t h e  d e f l e c t i o n s  o f  each o f  t h e  f o u r  
t e e t h  I n  c o n t a c t  a r e  independent.  When r i m  bending I s  p resen t ,  each t o o t h  i n  
c o n t a c t  has an a d d i t i o n a l  r i m  d e f l e c t i o n  caused by t h e  l o a d  on t h e  o t h e r  t o o t h  
on t h e  same gear.  
F igu res  6 and 7 a r e  l oad  s h a r i n g  and d e f l e c t i o n  p l o t s  f o r  a 4 : l  gear r a t l o  
w i t h  24 t e e t h  on t h e  p i n i o n  and 96 t e e t h  on t h e  gear.  The H e r t z i a n  component 
of d e f l e c t i o n  i s  n o n l i n e a r  w i t h  load.  Thus t h e  p l o t s  a r e  s l i g h t l y  dependent 
on l o a d  a l though  presented I n  terms o f  d imension less parameters.  A l l  p l o t s  
presented i n  t h i s  paper were ob ta lned  f o r  e i g h t  d i a m e t r a l  p i t c h  s t e e l  gears 
w i t h  a face  w i d t h  o f  0.016 m (0.625 I n )  and a t r a n s m i t t e d  l o a d  o f  4000 N 
(900 l b ) .  These gears have a maximum H e r t z i a n  t o o t h  c o n t a c t  p ressu re  o f  about 
1 GPa. (150 000 p s i ) .  
For a 24 t o  96 t o o t h  s o l i d  body gear speed r e d u c t i o n ,  f i g u r e  6 shows t h e  
c l a s s i c  l oad  sha r ing  p l o t .  T h i s  p l o t  i s  n e a r l y  symmetric, w i t h  t h e  f u l l  l o a d  
c a r r i e d  i n  t h e  c e n t r a l  s i n g l e  c o n t a c t  r e g i o n  and p a r t i a l  loads c a r r i e d  I n  t h e  
two double con tac t  reg ions  t o  e i t h e r  s i d e  o f  t h e  s i n g l e  c o n t a c t  r e g l o n .  I n  t h e  
double c o n t a c t  region, t h e  l o a d  f r a c t i o n  i s  t h e  s m a l l e s t  a t  t h e  b e g i n n i n g  and 
end o f  c o n t a c t  and t h e  l a r g e s t  j u s t  b e f o r e  and a f t e r  t h e  s i n g l e  c o n t a c t  r e g i o n .  
F i g u r e  7 shows t h e  mesh d e f l e c t i o n s  caused by these t o o t h  l oads .  The mesh 
d e f l e c t i o n s  a r e  the l a r g e s t  i n  t h e  s i n g l e  c o n t a c t  r e g i o n  where t h e  f u l l  l o a d  
i s  c a r r i e d  by a s i n g l e  t o o t h  p a i r .  I n  t h e  double c o n t a c t  r e g i o n ,  t h e  mesh 
d e f l e c t i o n  drops t o  about 60 pe rcen t  o f  t h a t  i n  t h e  s i n g l e  c o n t a c t  r e g l o n .  The 
reason t h a t  t h i s  d e f l e c t i o n  i s  g r e a t e r  t han  50 pe rcen t  i s  t h e  v a r i a t i o n  i n  
t o o t h  p a i r  s t i f f n e s s  a l o n g  t h e  l i n e  o f  a c t i o n .  An i n d i v i d u a l  t o o t h  p a i r  1s 
m o s t  s t i f f  i n  the c e n t e r  o f  t h e  s i n g l e  c o n t a c t  r e g i o n ,  where b o t h  t e e t h  a r e  
loaded near t h e i r  r e s p e c t i v e  p i t c h  c i r c l e s .  
A l though these d e f l e c t i o n s  do n o t  va ry  l i n e a r l y  as t h e  t o o t h  p a i r  moves 
through t h e  mesh, they  a r e  equal  t o  t h e  d e f l e c t i o n s  one base p i t c h  away a t  t h e  
second t o o t h  p a i r  i n  t h e  mesh. I t  i s  t h i s  e q u a l i t y  o f  d e f l e c t i o n s  which i s  
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used t o  o b t a i n  t h e  l o a d  f r a c t i o n  a t  each c o n t a c t i n g  t o o t h  p a i r  i n  t h e  doub le  
c o n t a c t  r e g i o n .  
EXAMPLES 
By adding a r i m  t o  t h e  l a r g e r  gear w i t h  96 t e e t h ,  t h e  l o a d  s h a r i n g  and 
d e f l e c t i o n  p l o t s  change t o  those o f  f i g u r e s  8 and 9. The r i m  th i ckness  chosen 
f o r  t h i s  p r e s e n t a t i o n  i s  t w i c e  t h e  whole depth o f  t h e  t e e t h .  Comparison o f  
f i g u r e s  6 and 8 shows t h a t  t h e  r i m  d e f l e c t i o n s  decrease t h e  l o a d  on t h e  p i n i o n  
t o o t h  as I t  e n t e r s  t h e  mesh i n  con tac t  w i t h  t h e  t i p  o f  a gear t o o t h .  R i m  
e f f e c t s  a l s o  i n c r e a s e  the  l o a d  f r a c t i o n  on t h e  p i n i o n  t o o t h  as i t  leaves t h e  
s i n g l e  c o n t a c t  r e g i o n  i n  c o n t a c t  w i t h  t h e  rimmed gear t o o t h  near i t s  base. The 
sum o f  t h e  two l o a d  f r a c t i o n s  one base p i t c h  a p a r t  i s  s t i l l  one. I t  I s  I n t e r -  
e s t i n g  t o  n o t e  t h a t  t h e  g r e a t e r  f l e x i b i l i t y  o f  t h e  rimmed gear t e e t h  reduces 
t h e  i n i t i a l  l o a d  on t h e  p i n i o n  t o o t h  where i t  e n t e r s  t h e  mesh j u s t  as t i p  
r e l i e f  on t h e  gear t e e t h  can. 
Note t h a t  t h e  cases presented here a r e  f o r  rimmed d r i v e n  gears o n l y .  I f  
a r i m  i s  added t o  t h e  d r i v i n g  p i n i o n  a lso,  t h e  t o t a l  mesh d e f l e c t i o n  i nc reases  
b u t  t he  l o a d  s h a r i n g  r e t u r n s  t o  a more symmetric case and t h e  l oad  f r a c t i o n  i n  
t h e  double c o n t a c t  r e g i o n  i s  more near l y  c o n s t a n t .  I f  a r i m  i s  presen t  on t h e  
d r i v i n g  p i n i o n  o n l y ,  then t h e  reve rse  l o a d  s h a r i n g  e f f e c t  o f  t h e  f i r s t  case i s  
produced. The p i n i o n  t o o t h  would see a l a r g e r  share o f  t h e  l oad  as i t  en te red  
t h e  mesh and a sma l le r  f r a c t i o n  o f  the l o a d  a f t e r  I t  l e f t  t h e  s i n g l e  c o n t a c t  
reg1 on. 
F i g u r e  9 shows t h e  mesh d e f l e c t i o n  which corresponds t o  t h e  l o a d  s h a r i n g  
w i t h  t h e  e f f e c t s  o f  r i m  f l e x i b i l i t y  on t h e  d r i v e n  gear t e e t h .  The mesh d e f l e c -  
t i o n  shows a g radua l  s t i f f e n i n g  as the c o n t a c t  progresses a long  t h e  l i n e  o f  
a c t i o n  toward t h e  base o f  t h e  more f l e x i b l e  gear t e e t h .  As  be fo re ,  t h e  d e f l e c -  
t i o n s  separated by one base p l t c h  a re  equa l .  However, t h i s  d e f l e c t i o n  
decreases as one progresses through the two double c o n t a c t  reg ions .  
noted t h a t  t h i s  s t i f f e n i n g  a l s o  causes t h e  l o a d  f r a c t i o n  i n  t h e  second t o o t h  
p a i r  t o  be h i g h e r  than t h a t  i n  t h e  f i r s t  t o o t h  p a i r  i n  t h e  l oad  s h a r i n g  p l o t  
o f  f i g u r e  8. 
I t  can be 
A second major d i f f e r e n c e  between these d e f l e c t i o n s  and those f o r  the same 
gears w i t h  s o l i d  bodies i s  t h e  o v e r a l l  d e f l e c t i o n  magnitudes. The d e f l e c t i o n s  
o f  f i g u r e  9 a r e  rough ly  double those o f  f i g u r e  7. l h i s  means t h a t  t h e  mesh 
w i t h  a s i n g l e  r i m  on t h e  loaded gear can be a t  l e a s t  t w i c e  as comp l ian t  as t h e  
mesh w i t h  two s o l i d  bodies.  I n  a t ransmiss ion  which has p a r a l l e l  l o a d  paths,  
t h i s  a d d i t i o n a l  compliance can make the rimmed t e e t h  l e s s  s e n s i t i v e  t o  manufac- 
t u r i n g  d imensional  v a r i a t i o n s  f rom a l oad  s h a r i n g  v iewpo in t .  
A major reason f o r  r ims  i n  a i r c r a f t  g e a r i n g  i s  we igh t  savings. One con- 
c e r n  i n  u s i n g  a r i m  i s  t h e  des ign trade o f f  between t h e  b e n e f i t s  o f  lower  
we igh t  and g r e a t e r  gear t o o t h  f l e x i b i l i t y  and t h e  p e n a l t y  o f  h i g h e r  gear t o o t h  
r i m  bending s t r e s s .  As  t h e  r i m  below t h e  t o o t h  i s  made t h i n n e r ,  t h e  maximum 
bending s t r e s s  a t  t h e  r o o t  o f  t he  too th  s h i f t s  f rom t h e  t o o t h  t o  t h e  r i m  
between t h e  t e e t h  and increases i n  value ( r e f .  12 ) .  Rimmed gear des igns must 
a l s o  cons ide r  t h i s  s t r e s s  t o  a v o i d  bending f a t i g u e  f a i l u r e  o f  t h e  gear r i m .  
F igu res  10 t h rough  13 a r e  f o r  contact  between a p i n i o n  w i t h  24 t e e t h  and 
an i n t e r n a l  gear w i t h  96 t e e t h .  These p l o t s  compare t h e  same two s i t u a t i o n s  
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of a r i g i d  body gear and a gear w i t h  a f l e x i b l e  rim. To a v o i d  t i p  in terfer-  
ence, the addendum r a t i o  of the internal  gears i s  reduced t o  0.9 from the  
standard value of 1.0 used f o r  the  external gears. The  dedendum r a t i o  for a l l  
gears i s  1.35 for  grinding clearance. The rim thickness f o r  the  internal  gear 
i s  kept a t  two times the  whole d e p t h  of the external teeth f o r  comparison 
purposes. 
Figures 10 and 11 show the load sharing and mesh def lect ions f o r  the  4:1 
r a t i o  w i t h  an internal gear. 
f o r  an external gear mesh, the  s ingle  con tac t  region i s  smaller than t h a t  of 
f igure  6 .  The in te rna l  t o o t h  i s  s t i f f e r  due t o  i t s  wider base and shorter 
h e i g h t ,  b u t  i t s  t i p  i s  closer t o  i t s  base c i r c l e  than t h a t  of an external 
t o o t h .  This inversion of the t o o t h  decreases the pressure angle on the t o o t h  
and  causes the normal load on the t o o t h  t o  have a greater moment arm. The  
increased leverage of fse t s  the increased s t i f fnes s  of the t o o t h  t o  yield load 
shar ing  and mesh def lect ion plots  surpr is ingly s imilar  t o  those of the external 
gear r a t i o  of figures 6 and 7 .  Other t h a n  the c o n t a c t  r a t i o  increase, the only 
noticeable d i f f e rence  between the mesh def lect ion curve f o r  the internal  gear 
of f i g u r e  11 and t h a t  f o r  the external gear of f i gu re  7 i s  a s l i g h t  increase 
In def lect ion for  the internal  gear mesh i n  t he  s ing le  con tac t  region only. 
Due t o  the higher c o n t a c t  r a t i o  r e l a t i v e  t o  t h a t  
By a d d i n g  the rim t o  the  internal  gear ,  the  load sharing and mesh compli- 
ance p lo ts  of figures 12 and 13 a r e  produced .  In the load shar ing  plot  of 
f igure  12, the p i n i o n  t o o t h  load shows the  same trend as t h a t  f o r  the external 
gear i n  f igure  8.  Both the load shar ing  and  mesh def lect ion curves a re  very 
s imilar  t o  t h o s e  f o r  the  external gear case,  a s  w i t h  the sol id  body case. The 
only d i f f e r e n c e s  a r e  the  increase i n  c o n t a c t  r a t i o  and the small increase i n  
mesh def lect ion in the s ingle  con tac t  region. 
The advantages of rimmed c o n s t r u c t i o n  for  the  external gear a r e  a l s o  
present f o r  t h e  internal  gear.  For example, consider an internal  - external  
s t e e l  gear speed reduct ion of 4:l w i t h  24 teeth on the external p i n i o n ,  96 
tee th  on the  internal gear ,  a diametral p i t c h  o f  8 ,  a face w i d t h  of 16 mm 
(0.625 I n ) ,  an outside rim radius  of 168 mm (6.614 i n . )  and a d r i v i n g  torque 
of 150 N-m (1350 lb- in)  applied t o  the p i n i o n .  The  maximum s t a t i c  Hertz con- 
t a c t ’ p r e s s u r e  for  these gears i s  1 GPa (146 k s i )  a t  the t i p  of the gear t o o t h  
while the maximum bending  s t ress  i s  0.23 GPa (33 ks i )  i n  the root of the p i n i o n  
t o o t h  f o r  the load a t  the t o p  of s ingle  t o o t h  c o n t a c t .  T h e  base p i t c h  of t h i s  
gear s e t  i s  9.37 mm (0.369 i n ) .  T h e  rim model pred ic t s  a maximum mesh deflec- 
t i o n  of 33.7 pm (0.00133 i n )  and  an i n i t i a l  mesh def lect ion of 28 pm 
(0.00111 i n ) .  The r i g i d  body gear model predicts mesh def lect ions o f  17 pm 
(0.00066 i n )  and 11 pm (0.00044 i n )  f o r  these two def lect ions.  An a d d i t i o n a l  
e f f e c t  of the rim i s  t o  drop the i n i t i a l  load f r a c t i o n  from 0.43 t o  0.25. This 
drops the i n i t i a l  t o o t h  load from 1700 N (390 lb)  t o  1000 N ( 2 2 5  l b ) .  The  
e f f e c t s  of gear rim f l e x i b i l i t y  has doubled t h e  mesh def lect ion and reduced the 
i n i t i a l  load t o  60 percent of the  value f o r  the sol id  bodied gears.  
SUMMARY OF RESULTS 
A model f o r  t h e  load sharing and def lect ions i n  a spur gear mesh has been 
presented.  This model adds the e f fec ts  o f  rim def lec t ions  t o  previously devel- 
oped s ta te-of- the-ar t  gear def lect ion models. Internal  as well as external 
gears can be modeled w i t h  rims or w i t h  sol id  bodies .  The rimmed cons t ruc t ion  
model assumes a s o f t  cont inuous support. By using the s o l i d  body analysis  as  
6 
a lower bound for the mesh compliance and the rim analysis as an upper bound 
for the mesh compliance, reasonable approxlmatlons can be obtained for the 
compliance In a spur gear mesh. By modeling the internal gear as well as the 
external gear, analyses can be performed for the load sharing and mesh compli- 
ances In a planetary transmission. 
The model showed that a rim on the larger output gear I n  a spur gear mesh 
can improve the load sharing characteristics of the mesh. The improvement was 
shown for both an external output gear and an internal output gear of the same 
size. The load sharing improvement reduced the drivlng plnlon tooth load 
fraction as the tooth entered the mesh. One effect of thls reduced initial 
load fraction Is a potential reduction i n  dynamic loading on the tooth. A 
second Improvement is an increase in the total mesh compliance whlch can reduce 
tolerance sensitivity in parallel path power transmissions. 
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FIGURE 13.- MESH DEFLECTION PLOT FOR A 24:96 INTERNAL 
GEAR REDUCTION WITH A SOLID P I N I O N  BODY AND A GEAR 
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